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Abstract. This research discusses the math model of spreading cholera disease with a mathematical model
constructed by considering a vaccination strategy. In addition, there is a population of hyper infectious and less
infectious bacteria, so the model of SVIR-BniBii type. The model is formed in fixed-point determination, basic
reproductions numbers, analysis of the equilibrium point, and sensitivity analysis The equilibrium analysis produces
two equilibrium points of disease-free equilibrium point is locally asymptotically stable if R, < 1 and endemic
equilibrium points will be locally asymptotically stable if Ry>1. Furthermore, a numerical simulation that the
increase in vaccination rate influences the decline in R, value while increased rate of vaccine depreciation can
increase the value of Ry. In addition, sensitivity analysis shows that if the parameter ¢ is enhanced while other
contrast parameters will contribute to the increase in R, value, it can increase the rate of transmission of cholera
disease. Whereas if the parameter u,, is enhanced while other contrast parameters will contribute to the decrease in
R, value, the dissemination of the disease can be pressed very significantly.
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1. INTRODUCTION

Cholera is an acute intestinal infection that occurs due to consuming food and water contaminated with
Vibrio cholerae. This bacterium produces enterotoxins that cause excessive discharge of body fluids. Body
fluids with the Vibrio cholerae bacteria have a high infection rate (hyper infectious). However, the infection
will not last long, and the nature of the infection can decrease to less infectious (weak infection). It means
that hyper infectious bacteria will only be digested if an infected individual uses the same toilet on the same
day [1]. WHO has released data that there are 132.121 cases of cholera with 2,420 reported deaths [2-3].

The high number of reported cases shows that there needs to be a solution to control and prevent the
spread of cholera. In mathematics, this problem can be studied from a modeling perspective. Mathematical
modeling is a field of mathematics that simplifies problems in the real world into mathematical statements in
the form of equations and inequalities so that the proper understanding is obtained [4]. Many mathematicians
have mathematical modeling of cholera, which is still developing today.

The model of the spread of cholera discussed by Rahmi discusses the cholera model with the Hyper
infectious type of Vibrio cholerae bacteria [5]. Tian involves a vaccination strategy by dividing the population
into five compartments, namely the number of susceptible individuals (S), the number of individuals who are
infected and can infect other individuals (I), the number of recovered individuals (R), the number of
individuals vaccinated (V), and the concentration of toxigenic V. cholerae in water (B). In addition, Kokomo
and Emvudu formulated an age-structured cholera model with vaccination and demographic movement [6].
Furthermore, Lin et al. investigated cholera transmission dynamics with hyperinfected vibrio by involving a
control strategy [7]. A recent study conducted by Nuha and Resmawan discussed a mathematical model of
the spread of cholera by considering the incubation period [8].

In this study, a new model is introduced, which refers to the Tian model [5] by modifying the
concentration of toxigenic V. cholerae in water (B) into two sub-populations, namely the concentration of
hyper infectious bacteria (Bni) and the concentration of less infectious bacteria (By;). Bni is a class of bacterial
population with a high infection rate, and Bj; is a class of bacterial population with a low infection rate. The
addition of the By variable was to determine the spread of cholera from humans caused by using the same
toilet simultaneously. It has a higher risk of transmission [5-9]. The addition of the Bi variable because Vibrio
cholerae bacteria that have been in the environment within hours will become less infectious and have a lower
infection rate [7]. Another modification was done by adding a mortality variable to hyper infectious bacteria
(Bni) using the water sanitation control method [10].

2. RESEARCH METHODS

This research used the literature study method with the following stages:
Determine the problem,
Formulate the problem,
Theoretical studies,
Analysis for problem-solving, and
Draw conclusions.

agrwdE

The problem was determined and formulated through a literature study of scientific references related
to cholera disease and mathematical modeling. Theoretical studies were carried out by collecting library
resources to support the research. Furthermore, the stages and analytical procedures in this study were carried
out as follows:

Determination of assumptions,

Finding the equilibrium point,

Determine the value of Ry,

Conduct research using the Jacobian matrix,

Finding the eigenvalues,

Perform equilibrium point analysis, and

Provide biological interpretation to obtain conclusions.

NogokrwdE
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3. RESULTS AND DISCUSSION

3.1. Mathematical Model

The assumptions used in this model were:

SAEE R

8.

9.

The total human population is not constant because the death and birth rates are not the same.

The population is closed, with no migration either into or out of the population.

Newborn individuals will enter the population susceptible to cholera.

The vaccinated susceptible population will enter the vaccinated population.

Individuals who have been vaccinated will experience an increase in body resistance. However, the
vaccines available in the human body will continue to decrease. Therefore, the population can return
to the susceptible population.

The vaccinated population can enter the infected population because not all vaccines function
effectively. The vaccine is not effective in preventing infection.

Individuals can become infected with cholera by consuming food or drink contaminated with V.
cholerae hyper infectious bacteria (caused by an infected individual with a susceptible individual) or
V. less infectious bacteria (consuming contaminated food or drink without encountering an infected
individual with a susceptible individual).

Some individuals in the infected population can enter the recovered population because they are
recovering.

Cholera can cause death.

10. Every population experiences a natural death.
11. Total population can be writtenasN=S+V + [+ R

The pattern of spread of cholera can be seen in the compartment diagram Figure 1.
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Figure 1. Compartment Diagram Model of the spread of cholera by the Hyper infectious
type of Vibrio cholerae bacteria with Vaccination strategy

Based on Figure 4.1, the differential equation of the mathematical model is obtained as follows,
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With the following parameters and variables used, S, V, I, R are the population of Susceptible-
Vaccinated-Infected-Recovered individuals. By and By are the population of Hyper infectious-less
infectious bacteria. A is the birth rate, ¢ is the vaccination rate, n is the vaccine shrinkage rate, 1 is the natural
death rate, o is the rate of decline in vaccine effectiveness, y is the recovery rate, d is the death rate from
cholera, & is the contribution rate of each infected person to the population of hyper infectious V. cholerae
bacteria in aquatic environment. y is the rate of bacterial transition from hyper infectious to less infectious, @
is the rate of bacterial death due to water sanitation, y,, is the natural death rate for bacteria, By; is the rate of
hyper infectious bacteria ingested by individual S from contaminated water, §;; is the rate of ingestion of
hyper infectious bacteria by individual S from contaminated water, Kp; is the concentration of hyper
infectious bacteria in the water that causes a 50 percent chance of getting cholera, and Kj; is the concentration
of less infectious bacteria in the water that causes a 50 percent chance of getting cholera. Next, we will find
the equilibrium point of the system of equations (1) and analyze the stability properties of the equilibrium
point.

3.2. Equilibrium Point and Basic Reproductive Number

Solving equation (1) obtains two equilibrium points, namely, the disease-free equilibrium point

_ (At A¢ . A .
Ey(S,V,I,R,By;, By;) = (u(n+u+¢) + pETPTSE 0,0,0,0) and Endemic Equilibrium Point

E:(S,V,1,R, By, Byy) = (S*,V*,I",R*, By;", Bii")

where
A+V* I
= Bhi Bni | Biibui '7+ n R= 7]/
B;u‘"'Khi Bl*i+Kli K ¢
S I*
V= ? Bp; = ¢

B}iiﬁhi Bl*iﬁli
77 + ‘Ll (B;li"'Khi + Bl*i"'Kli)
_ (BriBni(By; + Kip) + BjiBu(Br; + Kn))(S* + V*0) B = Bhix
(Bj; + Kni)(Bj; + Kii)(d + u+v)

The primary reproductive number is used to determine how big the potential spread of disease is. The
primary reproduction number is determined by referring to equation (1) using The next generation matrix
method, which is denoted by K [11-12]. The next generation matrix is defined as K = FV =1, where the matrix
F represents the matrix of the increasing number of individuals who are included in the population infected
with cholera and matrix V represents the matrix of the increase in the population of infected individuals due
to death and recovery from the disease so that R, value was obtained as follows

A tputod) (Khi)(ﬁu' + Kui i (p + a)))
C KniKup(d+ g+ )0+ p+ 0)(x + )iy + )

I*

Ro (2)
or RO = Rl + R2 Wlth

— AxBri(n+u+od) and R, = A& Brin+u+od)
Kyip(d+u+y) +u+d) (x+o) (up+w) 27 Kpu(d+u+y) +u+d) (r+w)
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3.3. Stability Analysis

Theorem 1. The disease-free equilibrium fixed point (E,) is locally asymptotically stable if R, < 1 and
unstable if R, > 1.

Proof. The disease-free equilibrium point jacobian matrix is obtained by substituting the equilibrium point
(E,) into the jacobian matrix of equation (1), and is defined as follows

[All A12 0 0 A15 A16-|

|A21 AZZ 0 0 AZS A26|
0 0 As3 0 Azs Agel 3)

_
JEI=] ¢ ¢ A A 0 0|
lo o0 4, 0 A4ss 0]
Lo 0 0 0 Ay Agl
with
— _ _ABni(ntu) ABriop
An=-u-9¢ Ass Kpip(m+u+¢)  Kpip(m+u+e)
Ay =1 A, = APl ABiio¢
12 . 36 T Kuu(m+u+e) | Kuu(+u+d)
_ _ _ABni(ntu —
Ais = Khill;(T(HlH-)(b) Az =Y
_ _ _Abu(n+u _
416 = Tttt ) Asa =~
Ay =¢ Asz3 =¢
A22=—7]—l[; o Ags = —)x—w
_ _ _ ABhio _
Azs = Khil‘éﬂ"'!é)"’ﬁb) Aes = X
_ _ _ Abio = —y —
Az = Kiypn(m+p+e) As6 Hp — @

A3 =—d—pu—-y
Next, find the eigenvalues of the Jacobian matrix in equation (3), based on the characteristic equation
det(Al — JEy) = 0
generate equation
(Ass = D) (((As3 = DAss — 1) = AzsAs)(Ags — 1) + AzeAszAes) (ArzAzy + (Ayy = DA = Az;)) = 0 (4)
Based on equation (4), six eigenvalues are obtained. One of them is
A =A=—u<0
The other two eigenvalues are obtained from the equation

a0/12 + a1/1 + a, = 0 (5)
with
apg=1
ap=n+2u+¢
az =pm+u+¢)
Since all parameters are positive and based on the nature of the roots of the quadratic equation in equation
(5), we get

a
12+A3:_a_;:_a1<0 (6)

a;
/12/13=_=a2>0 (7)
Qo
From equation (7) it is known that 1, and 45 have the same sign. Based on equation (6) it is known that 1, <
0and 1; < 0.
Furthermore, the other three eigenvalues are obtained from the equation
a013 + allz + azl + a3 = 0 (8)
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where
ao = 1
a=d+x+tu+p,+y+2w
a, = ((1—R2)0(+w) + (up +w))(d +u+y)+ (g +0)x + w)
a3 = (1= Ro)(d +u+1)(ip + 0)(x + )
Before determining the eigenvalues, it is necessary to ensure that ay, a;,a,, a; are positive. Since all

parameter values are positive, a, and a, are definitely positive. Note that if Ry < 1, so a, has positive value.
Likewise, with a5 has positive value if only the condition 1 — R, > 0 which means R, < 1.

Next, 3 eigenvalues will be identified from equation (8), namely 14, A5 dan A,. Based on the nature of the
cubic equations, the following system of equations is obtained:
a;

/’l4+/15+/16=—a—0=—a1<0 9
Auds + Aglg + Aghg = ZO —a,>0 (10
Adsde = — 2 = _g, <0 1)
Qo
From equation (9), because all parameters are positive then
Ay + 25+ <0 (12)
From the equation (10),
A(As + Ag) + Agde > 0 (13)
From the equation (11),
AgAsde < 0 (14)

The conditions in equation (12) are met if at least one of 44,45, and A, is negative. For example, 1, < 0,
then based on equations (13) and (14), A5 and A4 must be negative. Conversely, if Ry < 1, so a; < 0 which
results in one of 44,45, and A4 has positive value. Thus, the equilibrium point E, is locally asymptotically
stable, if Ry < 1 and unstable if Ry > 1. []

Theorem 2. Endemic fixed point E* is locally asymptotically stable if R, > 1 and unstable if R, < 1.

Proof. The proof of this theorem refers to the Castillo-Chaves theorem and Song [13]. For example, B;; = ¢
is a bifurcation parameter that is chosen randomly as a threshold for changing stability properties. Define new
variables x;, x5, x3, x4, x5, and xg which represent S,V, 1, R, By;, B;; respectively. Based on equation (1) a
new system of equations is formed

f1(x1, X2, X3, X4, X5,X6) = A+ 1N X3 — P x1 — (ﬁm + Bu

—ux
Kll+x6) 1 e

—)ox, — @+ W,

K + XS
Bll

f1(x1, X2, X3, X4, X5, X6) = P X1 — (ﬁhl

f1(x1, X2, X3, X4, X5, X6)

K +x5 Kll+ 6

i+ Bu—) (1 + 0 x2)
| ——— | (xy +ox
hi Kp; + x5 li K + xg 1 2

—(u+y+dxs (15)
f1(X1, X2, X3, X4, X5, X6) =V X3 — L Xa
f1(x1, X2, X3, X4, X5, X6) = & x3 — (¥ + w)xs
fi (1, X2, X3, X4, X5, X6) = X X5 — (Hp + w)xg

Note that, R, = 1 is equivalent to
_ Kup(d+p+ )0+ u+ 9+ w) (i + 0)(1 = Ry)
Ax§(n +pu+o¢)

And the equilibrium point E, has five negative eigenvalues and one zero eigenvalue. The zero eigenvalues
have a right eigenvector (uq, Uy, us, Uy, Us, Ug), Namely:
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_A((n +w? +nog) (Khi X B + KiiBni(pp + w))

Uy = Us < O
KniKyp?(m + u+ $)?(pp + )
Ap(n + pu + uo + o) (Khi X Bui + KiiBri(pp + ‘U))
U, = — > > Us <0
KniKut®( + 1+ )% (pp + )
+w
1% = Cx )l% > O
y(x + w)
w, =T S0
* ui
us > 0 bebas
= >0
Ug #p_+a)u5

and the left eigenvector(vy, v, v3, v4, Vs, V) Which is formulated as follows:

= >0
V1 H4—¢1&
vy, >0 free
Asp(m +p + po +0¢) (KhiX.Bli + Ky Bri(1p +w)) .
U3

" K+ OKan(d + L+ )0+ p+ O)x + )y + ) RBo — 1)
v, =0

AQn+p+ po +09) (Kni X Bu + KuBnilip + @)
" DRk O+ 1+ PG D)ty + @) Ro— D)
B ABu(d+p+y)p(n+p+uo+od)(x + w)
Tt KA+ p A DO+ i+ D+ D)ty + @) Ro— D) 2
Using the Castillo-Chavez Theorgm and Song [13], it is defined .
2 2
a= z VR UU; aig’;j (E°, ") b = z U U; aiigzp (E°, ") (16)

kij=1 kij=1

Vs

Ve

Based on equations (15) and (16), the values of a and b are obtained as follows

_ Azf¢(ﬂ+u+u6+0¢)((n+u)2+0(2n+u+u0)¢+02¢2)(KhiXﬁli+K1iﬁhi(up+w))3 )

@= Uc U 17
K3 KR U3 (d+puty) (et ) (1t )3 (x+0) (pp+©)° (1-Ro) 5V2 a7

b= Ax¢p(n +p+uo + o@)
T (ut OKunt + e+ ) (up + 0)(Ro — 1)

Based on equations (17) and (18), the values of a and b depend on the value of R,. The condition R, < 1 will
result a > 0 and b < 0 dan 0 < ¢ « 1. This fulfills case 3 of the Castillo-Chaves and Song theorem [11]
which states that E, is locally asymptotically stable and a positive fixed point E* is unstable. On the other
hand, the condition Ry, > 1 resulted in values a < 0 and b > 0 which fulfills case 4 of the Castillo-Chaves
and Song theorem [11]. This shows that if ¢ changes from ¢ < 0 (R, < 1) to > 0 (R, > 1), it causes the
fixed point E, change from stable to unstable. Besides, the endemic fixed point E* changed from negative to
positive and locally asymptotically stable. In other words, if R, > 1, the endemic point E* is locally
asymptotically stable. [

I%) (18)

Stability properties are presented completely in Table 1.
Table 1. Table Point Stability Properties

Condition Fixed Point Without Disease Endemic Fixed Point
Ry <1 Exist and Locally asymptotically Exist and Unstable
stable

Ry >1 Exist and Unstable Exist and Locally asymptotically stable
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3.4. Numerical Simulation

Numerical simulations were carried out using python software to show the stability properties of each
fixed point in the numerical system. Furthermore, the stability properties of each fixed point in the numerical
system are shown. There is a numerical simulation to see how the population dynamics in the model are based
on the parameter values in Table 2.

Table 2. Parameter value used

Parameter Ry <1 Ry>1 Sources

X 0.8 0.2 [1]

Ky 2(10°) 106 [1]

A 0.1 0.1 [5]

¢ 0.01 0.01 [5]

n 0.005 0.005 [5]

U 5.48(107°) 5.48(107°) [5]

o 0.1 0.1 [5]

d 0.015 0.015 [5]

y 0.0001 0.004 Assumption
£ 3 10 Assumption
) 0.5 0.4 Assumption
Bhi 0.0075 0.0075 [14]

Bii 0.00012 0.00012 [14]

1y 0.132 0.033 [15]
K, 2.86(10%) 1.43(10%) [16]

Sensitivity Analysis

Sensitivity analysis was conducted to determine the basic reproduction rate parameters. The primary
reproduction rate analyzed is in the condition of R, > 1 which shows how much infection will occur in the
environment. Based on this, it is necessary to conduct a sensitivity analysis on these parameters to determine
what efforts must be made to suppress the spread of cholera. One way is to look at the sensitivity index of R
using Chitnis formula formula [17-18]. The parameter values in Table 1 are input into the sensitivity analysis
for the equation C;f". Next, the value R, of 3.86246 and the other sensitivity index values can be seen in
Table 3.

Table 3. Sensitivity Index for Ry > 1

Parameter Index value Parameter Index value Parameter Index value
A 1 o 0.16 X -0.33
& 1 y -0.20 Iy -0.08
¢ -0.49 d -0.78 Kni -0.99
n 0.49 w -0.66 Ky -0.10
u -0.99 Bri 0.99

The sensitivity index in Table 3 has a sensitivity index value R, that has a positive and a negative
values and each parameter value has a varying effect on R,. A positive value indicates that if the parameter
value is increased (decreased) while the other parameter values are constant, it will contribute to an increase
(decrease) in the basic reproduction rate. For example, the value of the contribution rate parameter of each
infected person to the population of Hyper infectious bacteria in an aquatic environment is denoted by ¢. It
has a positive sensitivity index. This indicates that if the value of ¢ is increased, the value of R, will also
increase. On the other hand, a negative value indicates that if the parameter value is increased (decreased)
while other parameters are held constant, it will contribute to a decrease (increase) in the basic reproduction
number. Sensitivity analysis shows that the most sensitive parameter to changes in the value of R is the birth
rate and the contribution rate of each infected person to the population of V. Cholers hyper infectious bacteria
in the aquatic environment. It means that an increase in the value of R, will increase in the bacterial
population.
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Population Dynamics

Population dynamics of the spread of cholera with a vaccination strategy will be observed under the
following conditions: Ry < 1 and Ry > 1. The initial value used is S(0) = 500, V(0) =0, 1(0) = 350,
R(0) =0, Bp;(0) =200, B; = 100.

Equation (1) has one disease-free equilibrium point. The equilibrium point is obtained by substituting

equation (1) into the parameters in Table 1 with the value of R, = 0,293076 and the equilibrium point is
E, = (612,701 1212,12 0 0 0 0). The population dynamics for R, < 1 can be seen in Figure 2.
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Figure 2. Population Dynamics for Ry < 1

Figure 2 shows that each population is stable towards a disease-free equilibrium point. The susceptible
population experienced a decrease in population from the initial value = 1000 down to a stable condition
around S = 612 people. Meanwhile, for the individual population that has been vaccinated, the population
has increased from the initial value to a stable point at V=1,212 people. Meanwhile, for the infected
population, the population recovered, and the bacterial population decreased from the initial point until it
reached a stable point/ = R = By; = B;; = 0.

Then, the value of Ry > 1 with the basic reproduction number R, = 3; 36681 was found. The
followings are equilibrium points E; = (189,866 373,367 3,62821 264,833 60,4702 27,9308).
Thus, the human population for the condition R, > 1 can be seen in Figure 3.
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Figure 3. Population Dynamics for Ry > 1

Figure 3 shows that each population at one time is not immediately stable but still fluctuates. At a
particular time, the population will experience an increase or decrease depending on the factors that influence
it. Until a specific time (t), it will be stable. It shows that each population is approaching the endemic
equilibrium point. The population susceptible to the spread of cholera has decreased until it reaches a stable
point when S = 189,866 or about 190 people and (vaccinated population) V = 373,367 or about 373 people.
The population recovered from cholera was stable at R=264,833 or about 265 people, for infected pollutant |

=3.62821 or about 4 people, for the population of bacteria Bni = 60.4702 and the population of less infectious
bacteria Byi = 27.9308.

Based on the sensitivity analysis, the value of n = 0.49367 is obtained. This value shows that the change
in the parameter value is directly proportional to the change in the value of Ro. This means that if the value
of the parameter is enlarged, it will contribute to an increase in the value of Ro. It can be a consideration in
making vaccines. Vaccines that can last a long time in the human body are needed. Figure 4 shows the
shrinkage rate of vaccination.
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Figure 4. Simulation of Vaccine Depreciation Rate on Population Dynamics Ry < 1

In Figure 4, it can be seen that the value of the vaccine shrinkage parameter causes the population of
susceptible individuals to increase and causes the population of infected individuals to decrease. It shows that
vaccine shrinkage can increase the occurrence of disease transmission so that the disease is difficult to control.
In addition, vaccine shrinkage can also accelerate the increase in the number of susceptible, infected, and
hyper infectious bacteria and less infectious bacteria.

Based on the sensitivity analysis, the value of ¢ = -0.49908 is obtained. This value shows that the
change in the parameter value is inversely proportional to the change in the value of Ro. It means that if the
parameter value is enlarged, it will contribute to a decrease in the value of Ro. This means that giving the
vaccine is right to suppress the spread of cholera.
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Figure 5. Vaccination rates on population dynamics Ry < 1

Figure 5 shows that increasing vaccination can reduce the number of ranged individuals and increase
the infected and cured individual’s population. In addition, vaccination also slows the increase in the number
of infected populations, populations of hyper infectious bacteria, and populations of less infectious bacteria.



292 Abdul, et. al. Dynamic Analysis Of The Mathematical Model Of ........

Thus, it can be stated that increasing vaccine administration is a way that can be done to reduce the spread of
cholera disease.

4. CONCLUSIONS

The cholera spread model has two equilibrium points, namely the disease-free equilibrium point and
the endemic equilibrium point. The disease-free equilibrium point is locally asymptotically stable if Ro< 1
and unstable if Ro > 1. The endemic equilibrium point is locally asymptotically stable if Ro> 1 and unstable
if Ro < 1. Sensitivity analysis showed that the most sensitive parameter affecting the transmission of cholera
was the contribution rate of each infected person to the population of V. Cholers hyper infectious bacteria in
the aquatic environment. Furthermore, the numerical simulation results show that an increase in the
vaccination rate can reduce the basic reproduction number, which means that an increase in vaccination can
reduce the spread of cholera.

REFERENCES

[1] D.S. Merrell et al., “Host-induced epidemic spread of the cholera bacterium,” Nature, vol. 417, no. 6889, pp. 642—645, Jun.
2002, doi: 10.1038/nature00778.

[2] ECDC, “Measles. Annual epidemiological report for 2019,” Surveill. Rep., no. August 2012, p. 9, 2020.

[3] WHOMedia centre, “Cholera.” [Online]. Available: https://www.who.int/en/news-room/fact-sheets/detail/cholera

[4] A.Prayudi, “Perbandingan tingkat kewaspadaan serta faktor yang mempengaruhi pada sopir truk hauling shift siang dan malam
kontraktor tambang batubara,” ["Comparison of the level of alertness and the factors that influence the day and night shift
hauling truck drivers for coal mining contractors,"] Program Studi Kedokteran Kerja, 2010.

[5] X Tian, R. Xu, and J. Lin, “Mathematical analysis of a cholera infection model with vaccination strategy,” Appl. Math.
Comput., vol. 361, pp. 517-535, Nov. 2019, doi: 10.1016/j.amc.2019.05.055.

[6] E. Kokomo and Y. Emvudu, “Mathematical analysis and numerical simulation of an age-structured model of cholera with
vaccination and demographic movements,” Nonlinear Anal. Real World Appl., vol. 45, pp. 142-156, Feb. 2019, doi:
10.1016/j.nonrwa.2018.06.011.

[7] J.Lin, R. Xu, and X. Tian, “Transmission dynamics of cholera with hyper infectious and hypoinfectious vibrios: mathematical
modelling and control strategies,” Math. Biosci. Eng., vol. 16, no. 5, pp. 4339-4358, 2019, doi: 10.3934/mbe.2019216.

[8] A. R. Nuha and Resmawan, “Analisis Model Matematika Penyebaran Penyakit Kolera Dengan Mempertimbangkan Masa
Inkubasi,” ["Analysis of the Mathematical Model of the Spread of Cholera by Considering the Incubation Period,"] J. llm. Mat.
DAN Terap., vol. 17, no. 2, pp. 212-229, Nov. 2020, doi: 10.22487/2540766X.2020.v17.i2.15200.

[91 N. Rahmi, “dinamika penyebaran penyakit kolera oleh bakteri Vibrio cholerae bertipe Hyper infectious,” ["The dynamics of
the spread of cholera by Vibrio cholerae bacteria of the Hyper infectious type,"] IPB University, 2016.

[10] R.J. Waldman, E. D. Mintz, and H. E. Papowitz, “The Cure for Cholera — Improving Access to Safe Water and Sanitation,”
N. Engl. J. Med., vol. 368, no. 7, pp. 592-594, Feb. 2013, doi: 10.1056/NEJMp1214179.

[11] P. van den Driessche and J. Watmough, “Reproduction numbers and sub-threshold endemic equilibria for compartmental
models of disease transmission,” Math. Biosci., vol. 180, no. 1-2, pp. 29-48, Nov. 2002, doi: 10.1016/S0025-5564(02)00108-
6.

[12] R.Resmawan and N. Nurwan, “Konstruksi Bilangan Reproduksi Dasar pada Model Epidemik SEIRS-SEI Penyebaran Malaria
dengan Vaksinasi dan Pengobatan,” ["Construction of Basic Reproductive Numbers in the SEIRS-SEI Epidemic Model of
Malaria Spread by Vaccination and Treatment,"] J. Mat. Integr., vol. 13, no. 2, pp. 105-114, Sep. 2017, doi:
10.24198/jmi.v13.n2.12332.105-114.

[13] C. Castillo-Chavez and B. Song, “Dynamical Models of Tuberculosis and Their Applications,” Math. Biosci. Eng., vol. 1, no.
2, pp. 361404, 2004, doi: 10.3934/mbe.2004.1.361.

[14] R.L.Miller Neilan, E. Schaefer, H. Gaff, K. R. Fister, and S. Lenhart, “Modeling Optimal Intervention Strategies for Cholera,”
Bull. Math. Biol., vol. 72, no. 8, pp. 2004-2018, Nov. 2010, doi: 10.1007/s11538-010-9521-8.

[15] C.Modnak, J. Wang, and Z. Mukandavire, “Simulating optimal vaccination times during cholera outbreaks,” Int. J. Biomath.,
vol. 07, no. 02, p. 1450014, Mar. 2014, doi: 10.1142/S1793524514500144.

[16] C. T. Codego, “Endemic and epidemic dynamics of cholera: the role of the aquatic reservoir,” BMC Infect. Dis., vol. 1, no. 1,
p. 1, Dec. 2001, doi: 10.1186/1471-2334-1-1.

[17] R.Resmawan, A. D. Wijayanti, L. Yahya, and A. R. Nuha, “Analisis Sensitivitas pada Model Matematika Transmisi Pengguna
Narkoba dengan Faktor Edukasi,” ["Sensitivity Analysis on the Mathematical Model of Transmission of Drug Users with
Educational Factors,"] J. Mat. Integr., vol. 16, no. 2, p. 95, Dec. 2020, doi: 10.24198/jmi.v16.n2.28804.95-103.

[18] N. Chitnis, J. M. Hyman, and J. M. Cushing, “Determining Important Parameters in the Spread of Malaria Through the
Sensitivity Analysis of a Mathematical Model,” Bull. Math. Biol., vol. 70, no. 5, pp. 1272-1296, Jul. 2008, doi: 10.1007/s11538-
008-9299-0.



