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Abstract - This article discusses SEIRS-SEI epidemic models on malaria with regard to human recovery rate. SEIRS-
SEI in this model is an abbreviation of the population class used in the model, i.e Susceptible, Exposed, Infected, and
Recovered populations in humans and Susceptible, Exposed, and Infected populations in mosquito. These epidemic
models belong to mathematical models which clarify a phenomenon of epidemic transmission of malaria by observing
the human recovery rate after being infected and susceptible. Human population falls into four classes, namely
susceptible humans, exposed humans, infected humans, and recovered humans. Meanwhile, mosquito population
serving as vectors of the disease is divided into three classes, including susceptible mosquitoes, exposed mosquitoes,
and infected mosquitoes. Such models are termed SEIRS-SEI epidemic models. Analytical discussion covers model
formation, existence and stability of equilibrium points, as well as numerical simulation to find out the influence of
human recovery rate on population dynamics of both species. The results show that the fixed point without disease
(xgge) is stable in condition Ry < land unstable in condition Ry > 1. The simulation results show that the given
treatment has an influence on the dynamics of the human population and mosquitoes. If the human recovery rate from
the infected state becomes susceptible to increased, then the number of infected populations of both species will
decrease. As a result, the disease will not spread and within a certain time will disappear from the population.
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Introduction

Malaria is a disease caused by infection with parasites belonging to genus Plasmodium. In epidemiology,
malaria affects both men and women in all age groups. Plasmodium parasites are transmitted through the
bite of a female Anopheles mosquito (Anopheles spp.), the primary vector causing malaria.

Some efforts have been made to encounter the impacts of malaria transmission. One of them includes
the application of Mathematics in the mathematical branch of epidemiology. It is a branch of mathematics
that studies about disease spread and control (Capazzo, 2008). Mathematical modeling in epidemiology has
produced a wide variety of mathematical models to explore infectious disease problems. Mathematical
modeling for malaria was first performed by Ross in 1911 and was known as the Ross Model. This basic
model was then extended by MacDonald in 1957 and was called the Ross-MacDonald model (Ngwa and
Shu, 2000). Several similar studies regarding a change in population size are(Ngwa and Shu, 2000) and
(Chitnis, 2005).

This article will examine SEIRS-SEI epidemic models on malaria developed from previous models. The
study of the models was carried out by specifically taking human recovery rate into account. The term
‘human’ here refers to an infected person subsequently recovered without immunity and finally susceptible
to disease. Analytical discussion includes model formation, existence and stability of equilibrium points, as
well as numerical simulation to find out the influence of human recovery rate on population dynamics of
both species.

Materials and Methods
Mathematical model
The pattern of malaria transmission is schematically illustrated in the following compartment diagram:
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Figure 1. The scheme of malaria transmission based on SEIRS-SEI modification model
Therefore, the system dynamics can be formulated in the following equations:
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- AnSh — (Vn + fr(Np))E,
di,
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where natural death rate follows the function

fh(Nh) = Uip + #ZhNhandfm(Nm) = Uim + Uom Ny

and infection rate follows the equation

Ly Iy Ry,
Ap = bh(Nh'Nm)ﬁth andA,, = m(Nh' m) (ﬁmh + IBmh Nh>
m

The rate of human and mosquito population change follows the equation obtamed from the system (1),
expressed as

dNp,
T Ap + YNy — fu(Np)Np — Spln
dN (2)
= Ym N = fn (Ni) Nip.
Description of parameters is presented in Table 1.
Table 1. Parameters of SEIRS-SEI Models

Variable Description Units
Ap Human migration rate human X unit of time™*
Yy Per capita human birth rate. unit of time™?!
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Ym Per capita mosquito birth rate. unit of time™*

o The average number of mosquito bites on humans per unit of time=1
unit of time

Opm The maximum proportion of bites made by a single unit of time™?
mosquito on humans per unit of time

Bhm The probability of infected mosquito-to-susceptible without unit
human-transmission

B The prpbability o.f ipfected human-to-susceptible without unit
mosquito-transmission

Bon The probability of recovered human-to-susceptible without unit

mosquito-transmission

Per capita exposed-to-infected human transmission rate 1

unit of time™

v . . . ..
h Per capita exposed-to-infected mosquito transmission
U rate , unit of time ™!
Per capita infected-to-recovered human effective
- 1mmun1'ty formatlon rate . unit of time=1
Per capita infected-to-susceptible human recovery rate
Human mortality rate due to malaria infection . L
Wy . . unit of time
Constant rate of loss of immunity after humans get
recovered. . -
Sn . . unit of time™*
Human mortality rate which does not depend on . .1
P . ; unit of time
population density
Human mortality rate which depends on population ) 4
Uin . unit of time
density
Mosquito mortality rate which does not depend on h 1 t of time—1
Uzh population density uman~ - X unit of time
Mosquito mortality rate which depends on population
. unit of time™*
Him density
Uy mosquito~?! X unit of time™*

Source: Chitnis, 2005 and Chitnis ez @/, 2006

In addition, the proportion of mosquito bites causing infection is termed infection rate with the following
formulation:
O-mo-hﬁhmlm UmUhNh

Ap = Ay = ( In Rh)

= a
Om Ny + oy Ny,

For ease of the analysis in the model (1) — (2), nondimensionalizationwas applied by involving the
comparison of the number of each classes and the total number of the species population.
For instance:

Eh . Ih Rh Em . Im _ Sh _ Sm

epn=—,lp=—,T, = —
Ny Ny

With
Sh+eh+ih+rh=1andsm‘l'em‘l'im:l
By bringing down the equation (3), we obtain:
deh 1 dEh th dem 1 dEm de
—_— = — ey ] an = — —en :
dt N, ldt dt dt N, |l dt dt

The variable description is demonstrated in Table 2.
Table 2. Variables of SEIRS-SEI Models

Variable Description
en The proportion of exposed humans in 7 time
in The proportion of infected humans in 7 time
T The proportion of recovered humans in # time
Ny, Total human population in #time

em The proportion of exposed mosquitoes in # time
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im The proportion of infected mosquitoes in # time
N, Total mosquito population in # time
Source: Chitnis, 2005

Under the similar method to other variables, a new seven-dimensional system of equations consisting of
two dimensions for the variable of the number of population and five dimensions for each classes of the
population with disease, including ey, i, Th,Np, €m, im, and Ny, is obtained.

rde 0,,0,N. i A
h = (—m M m) 1—ep—ip—1)— (Uh +Yp +—h> ep + Opiney
h

dt O'mNm + O-hNh N,
dih Ah . .2
—_— = Uheh—(yh+6h+wh+l/)h+_>lh+6hlh
dt A
dry . Ap .
T = Ynin (Ph +Yp + N_h) T + Spinty
Jdn,, _
—— = Ap + YNy — (ap + Uzp Np)Np — Opip Ny, %)

dt
dem _ ( O-mo-hNh
Om Ny, + o Ny,

dt ) (ﬁmhih + Emhrh)(l —€m — im) - (Um + lpm)em

Results and discussion
Stability analysis
Equilibrium points
Equilibrium points can be obtained from a solution to the system (4) that is a condition which satisfies:
deh _ dlh _ dTh _ th _ dem _ dlm _ de —0
dt —dt dt dt dt dt dt

The aforementioned system has two kinds of equilibrium, including disease-free equilibrium, X4, and

endemic equilibrium, X,. By using functional-based software, disease-free equilibrium is obtained as follows:
Xafe(€n in, Thy N, em, iy Np) = (0,0, 0, Ny, 0,0, Ny,)

with

(Wn — tan) + v @n — u1p)? + 4uapAp and N = (Ym — Him)
2Uzp m Hom

Ny =

and the endemic equilibrium:
Xee(€ny ins Thy Ny €y by Nin) = (e, 101 Ny ey b, Ny )
with

e**
h
sk €NToRK N KK 0ok *%
OnOmPBrmim Ny Nm (lh +r, — 1)

Ny* (UhNﬁ*(ll)h + vy — i) + O Ny (Y + vy — Spip" + Uhﬁhmifr:)) + (opNy™ + 0 N ) Ay,

Ap + (Yp +vp + 0p + wp)Ny
26, N

i;l*(l) —

\[(Ah + (Pp + Vn + 8 + WR)NE)Z — vy, S N2
Bl 26, N;*
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Ap+ Yp +vn + 6 + 0p)Ny”
28,N;"

l.}*l*(Z) _

\/(Ah + (Yp +vn + 6y + wp)N)? — dvp ey’ ﬁ*z
+
26N

O vy
" (Yn + pn — iy 6p)NR™ + Ay

Yp — Uip — Oply” + \/(lhh — Yy + 8pin)? + dpyplp

N**(l) —
" 2Usp
@ — _Fan T Y + Onin +y/(an — Yp + 6i77)? + 4pipp Ay
& 2pop
o = _ 0n0mNy (Binn” + Bmnin )(im — 1)
" OmNey W + Vi) + o Ny* (W + Vi + 0 B~ + OmPmniy’)
v Um€m
S 1/
N;{k — (lpm - #1m).
Hom

Basic reproduction number

Basic reproduction number which is notated as R is the expected number of infections per unit of time.
The infections occur in a susceptible population resulted from an infected individual.

The basic reproduction number is obtained from the largest real positive eigenvalue of a matrix through
the next-generation matrix approach (Diekmann ez @/, 1990; van den Driessche and Wathmough, 2008;
Resmawan, 2017). The fact results in the formulation of basic reproduction number:

Ry = vV KmnKnm- ®)

where
Kpm = ahm-br*n-ﬁhm-ghmandl(mh = amh-b;z(ﬁmh-gmh + Bmh-gmh-(mh)
with
_ Um _ Un
N G ¥ i + fzmN ™ U+ an + izl
B 1 _ 1
M i + Ham Ny Omn = Yn + 6 + W + pan + pon Ny
émh = ! wCmh = I ¥
Pr + Man + Uap Ny Yn + 6 + wp + pan + p2p Ny

The description is written in table 3.

Table 3 Parameters of basic reproduction number

Formula Description
Ahm The probability that mosquitoes survive from exposed to infected state
Umn The probability that humans will survive from exposed to infected state.
by = by (Np, Npy) The number of contacts between a mosquito and a person pet unit of
ume
bp, = by, (Ny, Ni) The number of contacts between a person and a mosquito pet unit of
ume
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Brm The probability of infected mosquito-to-susceptible human-transmission
Bmn The probability of infected human-to-susceptible mosquito-transmission
Bmn The Prgbabﬂity of recovered human-to-susceptible mosquito
transmission

Onm The average lifespans of infected mosquitoes

Omn The average period of infection on humans

Omn The average period of recovery on humans

{nn The probability that humans will survive from infected to recovered state

In reference to the formulation of the basic reproduction number (5), the following statements are
concluded:
1. If Ry< 1, the number of infected individuals will decline in every generation, and therefore the disease
will not spread.
2. If Rg> 1, the number of infected individuals will increase in every generation, and therefore the
disease will spread.

The jacobian matrix
System (4), for instance, is defined as the following function:

x=f(x),xeR’ (©)

wherex € R7 includes variables existing in system (4). By performing linearity in system (G)
surroundingX g re, the Jacobian matrix for a disease-free equilibrium is obtained.

21 J 0 0 0 0 O
0 Jzz J53 0 0 0 O

]xdfe: 0 ]4-2 0 ]4-4- 0 0 0|
0 Js Js3 0 Jss O O

\0 0 0 0 Jes Jes 0/
0 0 0 0 0 0 J77

where
2Anpan
Ji1=—vp —Yp —
—pan + A ption + (ap — Yr)? + Py

Jie = Zﬂhm.UZho-hO-m(#lm — Ym)

16 = —

—U2rOm <H1h + Y, + \/#mz + 40 pon — 2U1p YR + ¢h2> + UznOm Ry — 2U1m)

J21=vn

2Aption

J22 = =Yn—6p — Y — -
—tan + A ption + (ap — )2 + Py

Wp

Ja2 =Vn
2ApHan

—pian + v 4Anitzn + (uan — )2 + Py
Sp(—pan + ¥n + (uin — Yr)? + 4iznly)
21z
Jas = = (in — Yr)? + 4z,
OnOmBrmntiam Wn — tan + v (an — Yn)? + 4iznlp)
2 = Hum)M2nOm + HomOn (P — tan + / (U1n — Wr)? + 4tizndn)

J33 = —pn—Yn—

Jar = —

Js2 =

137



Aceb Int. ]. Sci. Technol., 6(3): 132-140
December 2017
doi: 10.13170/ aijst.6.3. 9303

OhOmBmntam Wn — tan + v/ (an — Yr)? + 4uanip)

2(Wm — Mam)Mz2nOm + BamOn Wn — an ++ (an — Yr)? + 4uznAn)
Jss = _(Um + lpm)

Js3 =

Jes = Vm; Jee = —Wmi J77 = tham — ¥m

Eigenvalues
Equilibrium X, is stable if and only if each eigenvalue of matrix [, fe Das negative value, and is unstable

if and only if there exists at least one eigenvalue of matrix J, fe with non-negative values (Tu, 1994).

From the above matrix J, fe» SEVEN eigenvalues are obtained. Two of them are indicated below:
N1 = = (u1n — Yr)? + 4tz
N2 = tim — ¥m

Meanwhile, the other five are obtained from roots of the characteristic equation:

Asn® + Agn* + Asn® + An® + Ain + 4, = 0. (7)
In order to evaluate signs of the five eigenvalues in equation (7), Routh-Horwitz stability criteria and
Descartes’ rule of signs were applied (Chitnis, 2005).
1. Routh-Horwitz stability criteria were used to show that all of the eigenvalues have negative real part
if Ry < 1 and all A;are positive.
2. Descartes’ rule of signs was applied to demonstrate that there is a non-negative eigenvalue when Ry >
1 and a sign change of A; appears.

Based on system (4) and the formulation of the basic reproduction number (5), it is clear thatif Ry < 1,
all of the eigenvalues have negative real part, and therefore the disease-free equilibrium (X ) is considered

stable, while if Rq > 1, there exists a non-negative eigenvalue, and accordingly the disease-free equilibrium
is regarded unstable.

Simulation

A simulation was performed to signify the effectiveness of parameters of human recovery rate
(wp)towards disease transmission rate. In this case, the increase or decrease in the value of parameter wp
which can alter the value of basic reproduction number (Rg) will be demonstrated. There are five observed

values of wy, taken from [1.0 X 1073, 2.6 X 1073] with step 0.4 X 1073, The values of other parameters
can be seen in Table 4.

Table 4. Values of parameters for the simulation

Parameter Value Parameter Value
Ap, 0.041 U 0.083
Yn 5.5 x 1075 Yn 0.0035
Y 0.13 Sn 1.8 x 1075
Bmn 0.24 Pn 2.7 x1073
Brm 0.022 H1n 8.8 x107°
Bomn 0.024 H2n 2 Xx1077
Op 4.3 Pam 0.033
Om 0.33 Hom 4 x107°
Vp 0.1

Figure 2 and Figure 3 illustrate the change in the number of each classes of mosquito and human
population after the increase in wp, value by using such prior values as S, = 500,E, = 50,1, = 10, R, =
0, S;, = 4850, E;,, = 100, I,;, = 50 with total population N, = 560 and N,,, = 5000.
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Figure 2.Human population dynamics after the increase in human recovery rate (wy) parameter value

Figure 2 shows the dynamics of the human population after being treated. The figure of top-left, top-
right, bottom-left, and bottom-right illustrate thepopulation dynamics in susceptible human, exposed human,
infected human, and recovered human classes.If human recovery rate is increased and the values of the other
parameters appear to remain constant, the number of susceptible human classes will show an increase (figure
of top-left), while the number of the other human classes will decline. This happens since an increase in the
human recovery rate leads to a decrease in the number of theinfected human classes, and therefore indirectly
causes infected mosquito classes to decrease. The proportion of susceptible human-to-exposed human
transformation is, therefore, declining and the number of susceptible humans is increasing,.
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Figure 3.Mosquito population dynamics after the increase in human recovery rate
(wp) parameter value

Figure 3 shows the dynamics of the mosquito population after being treated. The figure of top-left, top-
right, bottom-left illustrate the population dynamics of susceptible mosquito, exposed mosquito, and
infected mosquito classes. If human recovery rate from infected to susceptible classes is increased and the
values of the other parameters remain constant, the number of susceptible mosquito classes is increasing,
while the number of other mosquito classes is decreasing. The increase in human recovery rate from infected
to susceptible classes contributes to the decrease in the number of infected mosquitoes, and accordingly the
number of infected humans shows a decrease. As a result, the proportion of susceptible to exposed state-
transformation is decreasing and the number of susceptible mosquitoes is increasing.
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Either the increase or the dectrease in the number of each classes tends to be dissimilar for every increase
in human recovery rate in both human and mosquito population. The maximum number of infected human
classes and of infected mosquito classes on the 50th day was 55 or approximately 9.8% of the total human
population, and 43, or approximately 0.8% of the total mosquito population, respectively, with human
recovery rate of 1.0 X 1073

Conclusion

By employing the model, two equilibrium points are obtained; disease-free equilibrium and endemic
equilibrium. A simulation was carried out to observe the behavior of systems around the equilibrium points.
It demonstrates that the given treatment exerts an influence on both mosquito and human population
dynamics indicated by the basic reproduction number. Generally, if human recovery rate from infected to
susceptible state is increased, the number of infected population of both species will decline. As a result, the
disease will not spread and rapidly disappear from the population.

References

Capazzo V. 2008. Mathematical Structures of Epidemic Systems. Springer-Verlag: Heidelberg

Ngwa G.A & Shu W.S. 2000. .4 Mathematical Model for Endemic Malaria with Variable Human and
Mosquito Populations. Math.Comput.Modeling, 32: 747-763.

Chitnis N. 2005. Using Mathematical Models in Controlling the Spread of Malaria, Ph.D. thesis, Program in
Applied Mathematics. University of Arizona, Tucson, AZ.

Chitnis, N., Chussing ].M. & Hyman, J.M. 2006. Bifurcation Analysis of A Mathematical Model for Malaria
Transmission. Siam J. Appl. Math. 67(1): 24—45.

Diekmann O, Heesterbeek JAP & Metz JAJ. 1990. On the Definition and the Computation of the Basic
Reproduction Ratio Rgin Models for Infectious Diseases in Heterogeneous Populations. J. Math.
Biol., 28: 365-382.

van den Driessche P & Watmough J. 2008. Further Notes on the Basic Reproduction Number. In: Brauer
F, van den Driessche P, Wu J. (Eds.) Mathematical Epidemiology. Lecture Notes in Mathematics,
Springer, pp. 159-178.

Resmawan. 2017. SEIRS-SEI Model of Malaria Disease with Application of Vaccines and Anti- Malarial
Drugs. IOSR Journal of Mathematics 13(4) 2017: 85 -91

Tu PNV. 1994. Dynamical System: An Introduction with Applications in Economics and Biology. New
York: Springer-Verlag.

Labadin, C., Kon, M.L., & Juan, S.F.S. 2009. Deterministic Malaria Transmission Model with Acquired
Immunity. Proceedings of the World Congress on Engineering and Computer Science 2009(2). San
Francisco, USA.

140



